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Abstract: On Calabi-Yau manifolds, there is typically no explicit formula for their Ricci-flat
metrics. This often poses a problem in maths and string theory, where one would like to
compute geometric data that depend on this metric. One question in this area is: is there a
Calabi-Yau 3-fold so that it's real locus admits a harmonic 1-form? Such 1-forms would give
rise to new G2-manifolds, but so far, no example has been proven to exist. In the talk, | will
explain one new conjectural example that was obtained through numerics. This is joint work
with Michael R. Douglas, Yidi Qi, and Rodrigo Barbosa. Time permitting, | will comment on
the following ongoing work: many impressive calculations have been carried out with respect to
numerical Calabi-Yau metrics. One interesting question is: can the results of these calculations
be trusted to be near the exact results with respect to the exact Calabi-Yau metric? Answering
this question for our numerical harmonic 1-forms would be interesting for a rigorous
mathematical proof.
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> Let Y be Calabi-Yau 3-fold with Calabi-Yau metric gcy
» o:Y — Y anti-holomorphic involution, L := fix(o)
example: quintic with real coefficients in CP* and o([zg: ---: z4]) = [Z0 : -+~ : Za]
» S % Y has dimension 7 and Ricci-flat. Problem: want "irreducible”
» Define 6: S' x Y — St x Y as (x,y) = (—x,0(y))

(S' % Y)/(3) {04y x L N7

Theorem ([JK17])

If there exists A € QY(L) harmonic w.r.t. gcy|, that is nowhere 0, then there exists a
resolution N7 — (S' x Y) /(&) which is Ricci-flat and irreducible.

» Goal: check if such a 1-form exists
> First Betti number — harmonic 1-forms. Nowhere 0?7 Must know the metrie!



Numerical Calabi-Yau metrics

Y C CP* quintic, Q € Q39(Y), volg := QA Q € Q5(Y)



Numerical Calabi-Yau metrics

Y C CP* quintic, Q € Q39(Y), volg := QA Q € Q5(Y)

Homogeneous deg k polys= span{s;,... sy}



Numerical Calabi-Yau metrics

Y C CP* quintic, Q € Q39(Y), volg := QA Q € Q5(Y)
Homogeneous deg k polys= span{s;,... sy}

h e CV*N, Kahler potential K =log Y~ ; hjjsisj, wp 1= i0OK, wj) = vol, € Q5(Y)



Numerical Calabi-Yau metrics

Y C CP* quintic, Q € Q39(Y), volg := QA Q € Q5(Y)
Homogeneous deg k polys= span{s;,... sy}

h e CV*N, Kahler potential K =log Y~ ; hjjsisj, wp 1= i0OK, wj) = vol, € Q5(Y)

If Yol — 1. then Ricci-flat

volg




Numerical Calabi-Yau metrics

Y C CP* quintic, Q € Q39(Y), volg := QA Q € Q8(Y)
Homogeneous deg k polys= span{s;,... sy}

h e CV*N, Kahler potential K =log Y~ ; hjjsisj, wp 1= i0OK, wj) = vol, € Q5(Y)

If Yol — 1. then Ricci-flat

volg

[Don09]: choose h(k) s.t. % —1las k — o0
volg



Numerical Calabi-Yau metrics

Y C CP* quintic, Q € Q39(Y), volg := QA Q € Q5(Y)
Homogeneous deg k polys= span{s;,... sy}

h e CV*N, Kahler potential K =log Y~ ; hjjsisj, wp 1= i0OK, wj) = vol, € Q5(Y)

If Yol — 1. then Ricci-flat

volg

[Don09]: choose h(k) s.t. % —1las k — o0
volg

[DLQ22, HN13, DPQB25]: choose x1, .. ., xi000 € Y, find

) voly
min o 1

CNxN 7Ol

heC™> N S ,...,x1000 \VOIQ




Numerical Calabi-Yau metrics

Y C CP* quintic, Q € Q39(Y), volg := QA Q € Q8(Y)
Homogeneous deg k polys= span{s;,... sy}

h e CV*N, Kahler potential K =log Y~ ; hjjsisj, wp 1= i0OK, wj) = vol, € Q5(Y)

If Yol — 1. then Ricci-flat

volg

[Don09]: choose h(k) s.t. % —las k— o0
volg

[DLQ22, HN13, DPQB25]: choose xi, ..., xi000 € Y, find

) voly
min o 1

CNxN 7Ol

heC™ W Jxy,... . x1000 \VOIQ

Large k: can take ansatz K = neural network with activation t — t2




Numerical Calabi-Yau metrics

Y C CP* quintic, Q € Q30(Y), volg := QA Q € Q5(Y)
Homogeneous deg k polys = span{s, ..., sn}
h € CNXN Kahler potential K = log > hijsisj, wh = 00K, w} = vol, € Q°(Y)

If Yol — 1. then Ricci-flat

volg
[Don09]: choose h(k) s.t B 1as k— oo
[DLQ22, HN13, DPQB25]. choose X1,...,X1000 € Y, find

) voly
min o 1

/‘Y‘N N T -

heCPX N Jx,... ;x1000 \ VOIQ

vol h(

Large k: can take ansatz K = neural network with activation t — t2

~ wy, "approximate Calabi-Yau metric”
Alternative approaches: [HWO05, JPM22, AGGT21, LLRS22]
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Numerical harmonic 1-forms

Y C CP* quintic, L = fix(o) ¢ RP*
&,...,60 € Ql(RP4) 1-forms s.t. TX'*RP4 = span{&y,..., &0},
polys p1, ..., py of degree di, ..., dy:

A= Z ("U%'fj\LEQI(L) for aj€R

1<i<N
min </ ’A/\Q /W‘HL2
Qjj JL

1<j<10
Find
A "approximately harmonic 1-form”
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YZZ{ZZ[ZOI-“:L;]GCP4:205+-..+2220}
olzo::z])=1[z0::Z4
RPPS L = fix(o) = {x =[x xa] ERP*: 50 + -+ + x) = 0}
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Non-example 1: Fermat Quintic

YZZ{ZZ[ZOI-“:L;]GCP4:205+-..+2220}
O-([ZO:"':ZZI]):[?O:"':Z]
RPPS L= fix(o) = {x =[xt :x] ERP*: x] + .-
[x0:- - :x3] — [XO:---:Xg:—5x5’+---+x§’

b'(RP*) = 0 = no harmonic 1-form on L

—i—xji’

0}
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Non-Example 2: small complex structure limit

» Another quintic in CP*:
1. [Kra09] fy = (xo(x7 + x5 + x5 — x7) — (5 + x5 + x5 — 3x5) £ ex3)
smoothing of ordinary double point (1:0:0:0:0)
Has Z(f,) = RP?, Z(f_) = RP*#S' x §?
2. vi= (33 +---+x})and g = v-f has Zg(g) = Ze(f_) C RP* so
o : CP* - CP*, x — X has b’ (fix(0)) = Za(g) = 1
3. Take smoothing g, := g + €&, where & generic poly
4. But: topology = no closed nowhere zero 1-form = any harmonic 1-form has zeros

sing(g) fix(o)

> More non-examples from other cubics. Examples from other Fanos?



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau

W



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1

W



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1
Projectivise: ¢ = —x¢ + x? + x5 and g = —x§ + x§ + x{ + x3

W



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1
Projectivise: ¢ = —x¢ + x? + x5 and g = —x§ + x§ + x{ + x3
2. ¢ and g have SO(2)-symmetry:
[X0 : X1 : X2 : X3 : Xg 1 X5] —> [xp : cos(t)x) —sin(t)xa : sin(t)x;+cos(t)xa : X3 : Xq 1 Xs]

W



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1
Projectivise: ¢ = —x¢ + x? + x5 and g = —x§ + x§ + x{ + x3
2. ¢ and g have SO(2)-symmetry:
[X0 : X1 : X2 : X3 : Xg 1 X5] —> [xp : cos(t)x) —sin(t)xa : sin(t)x;+cos(t)xa : X3 : Xq 1 Xs]
Generic smoothings ¢; and g. of ¢ and g

W



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1
Projectivise: ¢ = —x¢ + x? + x5 and g = —x§ + x§ + x{ + x3
2. ¢ and g have SO(2)-symmetry:
[X0 : X1 : X2 : X3 : Xg 1 X5] —> [xp : cos(t)x) —sin(t)xa : sin(t)x;+cos(t)xa : X3 : Xq 1 Xs]
Generic smoothings ¢; and g. of ¢ and g
3. RP® O Zg(c,q) = S' x 5% smooth, Z(c,q) C CP® singular

W



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1
Projectivise: ¢ = —x¢ + x? + x5 and g = —x§ + x§ + x{ + x3
2. ¢ and g have SO(2)-symmetry:
[X0 : X1 : X2 : X3 : Xg 1 X5] —> [xp : cos(t)x) —sin(t)xa : sin(t)x;+cos(t)xa : X3 : Xq 1 Xs]
Generic smoothings ¢; and g. of ¢ and g
3. RP® O Zg(c,q) = S' x 5% smooth, Z(c,q) C CP® singular

sing(Z(c, q))

W

» Fantasy: Z(c, g.) has singular Calabi-Yau metric gy = if g is SO(2)-invariant,
then Infinitesimal SO(2)-action gives Killing field for gy



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1
Projectivise: ¢ = —x¢ + x? + x5 and g = —x§ + x§ + x{ + x3
2. ¢ and g have SO(2)-symmetry:
[X0 : X1 : X2 : X3 : Xg 1 X5] —> [xp : cos(t)x) —sin(t)xa : sin(t)x;+cos(t)xa : X3 : Xq 1 Xs]
Generic smoothings ¢; and g. of ¢ and g
3. RP® O Zg(c,q) = S' x 5% smooth, Z(c,q) C CP® singular

sing(Z(c, q))

W

» Fantasy: Z(c, g.) has singular Calabi-Yau metric gy = if g is SO(2)-invariant,
then Infinitesimal SO(2)-action gives Killing field for go = (Ricci-flat) parallel
vector field



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1
Projectivise: ¢ = —x¢ + x? + x5 and g = —x§ + x§ + x{ + x3
2. ¢ and g have SO(2)-symmetry:
[X0 : X1 : X2 : X3 : Xg 1 X5] —> [xp : cos(t)x) —sin(t)xa : sin(t)x;+cos(t)xa : X3 : Xq 1 Xs]
Generic smoothings ¢; and g. of ¢ and g
3. RP® O Zr(c,q) = S' x S? smooth, Z(c, q) C CP® singular

sing(Z(c, q))

W

» Fantasy: Z(c, g.) has singular Calabi-Yau metric gy = if g is SO(2)-invariant,
then Infinitesimal SO(2)-action gives Killing field for go = (Ricci-flat) parallel
vector field = parallel 1-form for gy



Conjectural example 3: quadric intersect quartic

» Construction of quadric intersect quartic in CP°, also Calabi-Yau
1. Circle copr = x? + x3 — 1, quartic gasr = x5 + x§ + x4 — 1
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» Fantasy: Z(c, g.) has singular Calabi-Yau metric gy = if g is SO(2)-invariant,
then Infinitesimal SO(2)-action gives Killing field for go = (Ricci-flat) parallel
vector field = parallel 1-form for gy = nearly parallel 1-form for gs



Experimental results: 1-forms and their zeros

Fermat: non-example 1; no harmonic 1-form.

Random Quintic: non-example 2; harmonic 1-form must have zeros
CICY1: large perturbation ¢ = i harmonic 1-form may have zeros
CICY2: small perturbation ¢ = ﬁ conjecture no zeros

A\ e

.CIC‘(Z
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y-axis: min ||
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Plots of approximately harmonic 1-forms

-form on CICY2 with z1 = 0, z2 = 0 (Scaled by 0.5) 1-form on CICY1 with z1 = 0, z2 = 0 (Scaled by 100)

CICY2 (close to singular limit) CICY1



Work in progress: numerically verified proof

Have: A, pproxA small.



Work in progress: numerically verified proof

Have: A,pproxA small. Pretend: A0 A = 0



Work in progress: numerically verified proof

Have: A,pproxA small. Pretend: A0 A = 0
Want: AcyA =0



Work in progress: numerically verified proof

Have: A,pproxA small. Pretend: A0 A = 0
Want: AcyA =0
If wey A~ Wapprox, get nearby A s.t. Acyl = 0. Still |5\| > 07



Work in progress: numerically verified proof

Have: A,pproxA small. Pretend: A0 A = 0

Want: AcyA =0

If wey A~ Wapprox, get nearby As.t. Acy = 0. Still |[A] > 07?
Need bound for |

wey — Wapprox‘ ‘



Work in progress: numerically verified proof

Have: A,pproxA small. Pretend: A0 A = 0

Want: AcyA =0

If wey A~ Wapprox, get nearby As.t. Acy = 0. Still |[A] > 07?
Need bound for |

Elliptic PDE theory: linearisation of complex Monge-Ampére equation is
A: C®(M)— C*®(M)

wey — Wapprox‘ ‘



Work in progress: numerically verified proof

Have: A,pproxA small. Pretend: A0 A = 0

Want: AcyA =0

If wey A~ Wapprox, get nearby As.t. Acy = 0. Still |[A] > 07?
Need bound for |
Elliptic PDE theory: linearisation of complex Monge-Ampére equation is
A: C®(M)— C*®(M)

If

wey — Wapprox‘ ‘

| Ricapprox|| < ¢]|A7| 7

then wcy exists and ||wcy — Wapprox|| < ¢ [|Ricapprox|| for explicit ¢



Work in progress: numerically verified proof

Have: A,pproxA small. Pretend: A0 A = 0

Want: AcyA =0

If wey A~ Wapprox, get nearby As.t. Acy = 0. Still |[A] > 07?
Need bound for |
Elliptic PDE theory: linearisation of complex Monge-Ampére equation is
A: C®(M)— C*®(M)

If

wey — Wapprox‘ ‘

| Ricapprox|| < ¢]|A7| 7

then wCY eXISts and HU)CY - wapprox” S C HRiCapproxH fOr eXleClt Cc
Known bounds: ||Ricapprox|| < 1072, HA*1H < 10150



Work in progress: numerically verified proof

Have: A,pproxA small. Pretend: A0 A = 0

Want: AcyA =0

If Wey A Wapprox, get nearby A s.t. AcyA = 0. Still [A] > 0?
Need bound for |

Elliptic PDE theory: linearisation of complex Monge-Ampére equation is
A: C®(M)— C*®(M)
If

wey — Wapprox‘ ‘

: _1y-2
HRlCapproxH < CHA l||
then wCY eX|StS and HCL)CY - wapprox” S C HRiCapproxH fOr eXleClt Cc
Known bounds: |[Ricapprox|| < 1072%, ||A7H| < 10150...

Improve both (work in progress with Michael Douglas, Javier Gémez-Serrano, Yidi
Qi, Fabian Lehmann, Freid Tong)
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Science:
[CH25]: Bussinesq/Euler equation. ||error|| ~ 1076
[RT19]: local non-CY Ricci-flat metric in 4D. ||error|| a2 27300
[BH24]: Einstein metric on S'2. ||error|| =~ 107150

[WBM*25]: unstable singularities for fluid equations ||error|| ~ 1014
(error bound but no existence proof)

Science fiction:
Kahler-Einstein metrics on toric Fano varieties (work in progress)
CY metric on Kummer surface not near singular limit
CY metric near large complex structure limit ~» PDE on polytope
Einstein metrics on spheres (cf. Ed Hirst)
Special Lagrangians (cf. Fabian Ruehle)

Errors in Yukawa coupling computations (cf. Andre Lukas, Andrei Constantin)



Thank you for the attention!
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