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The Nirenberg problem asks: which functions are the curvature of a metric on a sphere that is
conformal to the round metric? This reduces to solving a non-linear partial differential equation
(PDE) for a function on the sphere. In the recent arXiv:2602.12368, machine learning was used
to conjecture that certain curvatures admit a solution to the PDE, based on numerics. In the
talk, | will explain how to upgrade one of these conjectural examples to a proven example using
a numerically verified proof. Beyond existence of a single solution, that method conveniently
proves non-uniqueness and gives the exact symmetries of the solutions. This reports on results
in arXiv:2603.29544.



Nirenberg problem

» Which K : S — R is curvature of a metric pointwise conformal to round metric?
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Images from “A Machine Learning Approach to the Nirenberg Problem”

» Equivalent: does 1 — Au — Ke?” = ( have solution u: S? — R?
> Unique? Symmetry? What does it look like?



Nirenberg results

» Real spherical harmonics Y; ,, for | >0, me {—/,...,/}

® P ¢ 23S 0

> Y59 has symmetry Ty (tetrahedral group) with | Ty4| = 24

Theorem

For K = Y39 there are at least five solutions to the equation 1 — Au — Ke?¥ = 0. One
has symmetry group Ty, four have symmetry group Ss.

> P9 7 el
s S - o )

b q R | N e L
Sal6 Sal6

-05 0 0.5 1 L5

> Potential applications: min surfaces, ODEs, holonomy, Einstein metrics



Proof overview

Solve equation .7 (u) := 1 — Au — Ke* = ()
Function spaces: for u: S? = R

1/2
llz = ( / u2) -
52

il e += el 2 + [ Vullz + [IVVll2 “Sobolev norm”
L ={u:5* = R:|ul||2 < oo}, H* = {u: 5% > R:||uf|p < o0}

Approximate solution uy € H?, i.e. & = .7 (uy) small
Linearisation (1) := d.7,,(u) = —Au — 2Ke?"0 -y, & : H* — |2
Higher order terms ./ (1) := —Ke?“0(e?" — 1 —2u)st. "F =+ L+ N

Theorem (Newton-Kantorovich)

Let r > 0 such that for uy,us € B, := {u € H?: ||u]| < r} we have
€12 < e, || L7Y| < e | 1 — A w2 < e3(llunll e + [l ge) [|ur — 2]l e

and cyc; + cacsr? < r, 2coc3r < 1, then ex. v € B, such that (up + v) = 0.



Proof step 1: bound the residual &
F(u):=1-Au—Ke?" =0, & := 7 (u)

Theorem (Newton-Kantorovich)

Let r > 0 such that for uy,uy € B, := {u € H? : ||u]| < r} we have
€12 < e, [| L7 < | v — Al < es(llunllpe + lluallpe) Nur — wa]le
and cyc) + cocsr® < r, 2coc3r < 1, then ex. v € B, such that # (ug + v) = 0.

Compute some 1y = E aim Y, m (e.g. neural network)
0</,|m|<50

Bound ||upl|,, < Z \aim| || Yi.ml|, < 1.58 not sharp (% really Lipschitz)
For p = 50 let exp, degree p Taylor poly of exp, then:

Hoxp 2up) — exp,(2up) H < ‘(‘:ﬂ) small
&2 < Hl — Aug — Kexp,(2up) HL2 + || K (exp(2up) — exp,(2up)) HL2
2.2-10™

Where first summand computed in spherical harmonics coefficient space



Proof step 2: Bound the linearised operator

F(u):=1-Au—Ke? =0, L(u) = —Au—2Ke* 0 .y, & H* — L*
Want: explicit ¢ s.t. |[u]]2 < c|[-Zul,2

Differential geometry (integrated Bochner formula):

lullpe < V2I1=Aull e + |ull 2 < V2 |[-Au = 2Ke*™ - ul| , + (1 +|[2Ke*®[| ) [[u]l,
< V2| Lu|2 + 37.8|ul]2

c* D
For A: ||Aul|,> > 2.04 ||u||;2 fin.-dim. computation (& tricky linear algebra)
For D= [|Dul] 12 > [|Aull s — |[2Ke™ - uf| o > 12 [[ul] 2 — ¢ lull2 > 10°]|u]]
For C: u deg> L, p projection onto deg< L, then:

A
L =33 split H?> = (Y} ,, : degree < L) & (Y| 1, : degree > L) = &£ = ( C)

(Gl == pAu  —p(2Ke™u)|ys < [[2Ke™u]|,, < 26.1|u]]
deg(Au)>L==0

= |[ZLull2 > 1.3 [|ull 2 = [[u]] 2 < (V2+41.3-37.8) L ul] 2



Proof step 3: Higher order terms and conclusion

N(u):=e"—1—u (=" omitted some factors)
Theorem (Newton-Kantorovich)

Let r > 0 such that for uy,uy € B, := {u € H? : ||u]| < r} we have
1612 < e, [|[L7Y| < e, A un — A w2 < ca(llen]pe + lluzllye) [|ur — sl

and cocy + cacsr® < r, 2coc3r < 1, then ex. v € B, such that % (ug + v) = 0.

HJVUl — JVU2"L2

|[e" —u — (€™ — u2)][ 2

IN

emaX{HUIHWHUsz}("ul"OO + [|ual| o) [lur — 2|2 (property of e)

< Cembemax{H”l”H2’||”2||H2}(\|u1|\H2 + [luz|| y2) |1 — u2]];2 (Sobolev embedding)

=:Cc3

Check coc) + cocsr? < r, 2cocsr < 1 satisfied for r = 3.1-10~* ~» U exists



Symmetries

Theorem

For K = Y39 there are at least five solutions to the equation 1 — Au — Ke?“ = 0. One
has symmetry group Ty, four have symmetry group Ss.
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Start with ug exactly T4/Ss-invariant

Define L% and H? to be only invariant functions;

£, N also invariant =i invariant

For S3 case rule out extra symmetries: g € T4\ S, find x s.t.

‘U()(X) — g*(U())(X)‘ > 0.1, then

U(x) — g (8)()] > Juo(x) — g (o) ()| — 2| = woll,o > 0.1 — 1072 £ 0

= g*(bu) #u (% extra trick: symmetries at most_Ty)



Al coding tool usage

Al agent can write the whole thing in one go (e.g. OpenAl Codex)

This repository accompanies the preprint https:/farxiv.org/abs/2603.29544 . It gives a numerically verified proof
that for curvature prescriber Y_{3,2} the Nirenberg problem has a solution.

Please re-do the proof for Y_{3,1}. You need to find a way to produce an approximate solution u0.json for this. This
is not included in the repository. Write a solver using a pseudospectral method using float64. Do a non-rigorous
float64 test that the residual is of size 107{-8}. Put all these new files into a top-level directory "solver". Once this is
the case, run the numerically verified pipeline on this curvature prescriber using your generated u0.json. Skip the

GPT-5.4 ~ Extra High + 4= Plan 9 o
Problem: completely unreviewable, non-rigorous arithmetic in several places
Useful for prototype/viability (identify too slow computations)
Give code structure (methods/classes): fewer non-rigour errors and easy to find
Produce unit tests to find potential issues (needn’t be trusted)



Thank you for the attention!



