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Many methods are available to approximately solve all sorts of equations: ODEs, PDEs,
polynomial systems, algebraic equations. Through recent advances it has become possible to
turn these approximate solutions into rigorous existence proofs in some cases. | will explain

how numerically verified proofs work and present several examples of them: (1) to get started,
the classical problem of root enclosures for polynomials in one variable; (2) the main example is
the Nirenberg problem, where in arXiv:2602.12368 a PDE was solved using a PINN, and in
arXiv:2603.29544 | proved that there exists a genuine solution to the PDE; (3) another small
application that's to be decided, possibly related to topological data analysis.
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Example 1: Baby example

Zero of .7 (x) = x? — 1. Start with Xapprox. Newton iteration: does it converge?
pp g

F(x)=x*-1
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Computer: X,pprox = 0.999. Write X = Xapprox + v. Taylor:
F(x) = F (Xapprox) + L (v) + N (v), £ linear, A ho.t.




Example 1: Baby example

Zero of .7 (x) = x* — 1. Start with xapprox. Newton iteration: does it converge?

F(x)=x>—-1

Xapprox
. /
|
|

/:/%&
Computer: X,pprox = 0.999. Write X = Xapprox + v. Taylor:

F(x) = F (Xapprox) + L (v) + N (v), £ linear, A ho.t.
Error: |&] := |.# (Xapprox)| < 0.002

Theorem (Newton-Kantorovich)

Let r > 0 such that for uy,us € B, :={u € R : |u| < r} we have
6] < e, ||Z7Y| < e[ ANt — N uo| < 3(Jun] + [u2]) |y — wn
and cyc) + cocyr? < r, 2coc3r < 1, then ex. v € B, such that F (up + v) = 0.

For Xapprox = 0.999: ¢; = 0.002, ¢ = 0.501, c3 =1 _I for r = 0.002



Nirenberg problem

Example 2

» Which K : S — R is curvature of a metric pointwise conformal to round metric?
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Images from “A Machine Learning Approach to the Nirenberg Problem”



Example 2: Nirenberg problem

» Which K : S — R is curvature of a metric pointwise conformal to round metric?
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» Equivalent: does 1 — Au — Ke?” = ( have solution u: S? — R?



Example 2: Nirenberg problem

» Which K : S — R is curvature of a metric pointwise conformal to round metric?
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» Equivalent: does 1 — Au — Ke?” = ( have solution u: S? — R?
> Unique? Symmetry? What does it look like?



Example 2: Nirenberg results

» Real spherical harmonics Y; ,, for | >0, me {—/,...,/}

@ P2 ¢ 23S * 0

> Y59 has symmetry Ty (tetrahedral group) with | T4| = 24

Theorem

For K = Y3 there are at least five solutions to the equation 1 — Au — Ke?¥ = 0. One
has symmetry group T, four have symmetry group Ss.
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Example 2: Nirenberg results

» Real spherical harmonics Y; ,, for | >0, me {—/,...,/}

- \
( . -« ' ‘. .
> Y59 has symmetry Ty (tetrahedral group) with | T4| = 24

Theorem

For K = Y3 there are at least five solutions to the equation 1 — Au — Ke?¥ = 0. One
has symmetry group T, four have symmetry group Ss.

-05 0 0.5 1 1.5

> Potential applications: min surfaces, ODEs, bottlenecks, equilibria
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Solve equation .7 (u) := 1 — Au — Ke* = ()



Example 2: Proof overview

Solve equation .7 (u) := 1 — Au — Ke* = ()
Function spaces: for u: S? = R

1/2
llz = ( / u2) E—
52

l|ull g := Null;2 + ||Vull2 + [[VVul| 2 “Sobolev norm”
PP={u:S? 5 R:|ul|p <oo},  H ={u:S* 5 R:|uf| <o}
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Approximate solution up € H?, i.e. & := .7 (uy) small
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Function spaces: for u: S? = R

1/2
llz = ( / u2) E—
52

Jullye = 1Jull 2 + [ Va2 + IV Vell,2 “Sobolev norm”
L ={u:5* = R:|ul||2 < oo}, H* = {u: 5% > R:||ul|e < o0}
Approximate solution uy € H?, i.e. & = .7 (uy) small
Linearisation . (u) := d.7,,(u) = —Au — 2Ke?"0 -y, &£+ H?> — 2
Higher order terms ./ (1) := —Ke?“0(e?" — 1 —2u)st. "F =+ L+ N



Example 2: Proof overview

Solve equation .7 (u) := 1 — Au — Ke* = ()
Function spaces: for u: S? = R

1/2
llz = ( / u2) E—
52

il e += el 2 + I Vullz + IV Vull2“Sobolev norm”
L ={u:5* = R:|ul||2 < oo}, H* = {u: 5% > R:||ul|e < o0}

Approximate solution up € H?, i.e. & := .7 (uy) small
Linearisation (1) := d.7,,(u) = —Au — 2Ke?“0 -y, & : H* — |2
Higher order terms ./ (1) := —Ke?“0(e?" — 1 —2u)st. "F =+ L+ N

Theorem (Newton-Kantorovich)

Let r > 0 such that for uy,us € B, := {u € H?: ||u]| < r} we have
€12 < e, || L7Y| < e | 1 — A ]| 2 < e3(llunll e + [l ge) [|ur — 2]l

and cyc1 + cacsr? < r, 2coc3r < 1, then ex. v € B, such that  (up + v) = 0.



Ex 2: Proof step 1: bound the residual &
F(u):=1-Au—Ke?" =0, & := 7 (u)

Theorem (Newton-Kantorovich)

Let r > 0 such that for uy,uy € B, := {u € H? : ||u]| < r} we have
16]12 < e, || 7| < e[ A i1 = A o]l gz < es((lunllpe + ool |ge) [l — wo] e

and cyc) + cocsr® < r, 2coc3r < 1, then ex. v € B, such that # (ug + v) = 0.
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Compute some 1y = Z am Y1 m (e.g. neural network)

0</,|m|<50
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Bound ||upl|



Ex 2: Proof step 1: bound the residual &
F(u):=1-Au—Ke?" =0, & := 7 (u)
Theorem (Newton-Kantorovich)
Let r > 0 such that for uy,uy € B, := {u € H? : ||u]| < r} we have
1612 < e, [|[L7Y] < e, [ A un = A o]l 2 < ca(llenl]pe + lluzllpe) llur — sl
and cyc) + cocsr® < r, 2coc3r < 1, then ex. v € B, such that # (ug + v) = 0.

Compute some 1y = Z am Y1 m (e.g. neural network)

0<1,|m|<50
Bound ||upl|,, < Z \aim| || Yiml|, < 1.58 not sharp (% really Lipschitz)
For p = 50 let exp, degree p Taylor poly of exp, then:

exp(2up) — oxpp(2u0)||OO S % small




Ex 2: Proof step 1: bound the residual &
F(u):=1-Au—Ke?" =0, & := 7 (u)
Theorem (Newton-Kantorovich)
Let r > 0 such that for uy,uy € B, := {u € H? : ||u]| < r} we have
16112 < e, |[ZL7H| < e [| 4 w1 = A w2 < es([in]| e + u2lle) llur — wo] e
and cyc) + cocsr® < r, 2coc3r < 1, then ex. v € B, such that # (ug + v) = 0.

Compute some 1y = E aim Y, m (e.g. neural network)
0</,|m|<50

Bound ||upl|,, < Z \ajm| - [|Y1,m|| ., < 1.58 not sharp (% really Lipschitz)
For p = 50 let exp, degree p Taylor poly of exp, then:

Hoxp 2up) — exp,(2up) H30 < % small
|€],2 < Hl — Aug — K exp,(2up) |]L2 + || K (exp(2up) — exp,(2up)) HL2
2.2-10~

Where first summand computed in spherical harmonics coefficient space
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F)=1-Au—Ke* =0, L(u) = —Au—2Ke*™ -y, & H> — [
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F)=1-Au—Ke* =0, L(u) = —Au—2Ke*™ -y, & H> — [
Want: explicit ¢ s.t. [|u]|. < c||-Zul|,-.
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Want: explicit ¢ s.t. |[u][,2 < c|[-Zul|,2. Roughly: ¢ = /\% =

smallest eigenvalue



Ex 2: Proof step 2: Bound the linearised operator

F)=1-Au—Ke* =0, L(u) = —Au—2Ke*™ -y, & H> — [
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L =33 split H?> = (Y}, : degree < L) ® (Y, : degree > L) =

smallest eigenvalue
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A : ||Aul|;2 > 2.04 ||u||;2 fin.-dim. computation (& tricky linear algebra)



Ex 2: Proof step 2: Bound the linearised operator

F)=1-Au—Ke* =0, L(u) = —Au—2Ke*™ -y, & H> — [
Want: explicit ¢ s.t. |[u][,2 < c|[-Zul|,2. Roughly: ¢ = /\% =
Computing Aq:

L =33 split H?> = (Y}, : degree < L) ® (Y, : degree > L) =

smallest eigenvalue

A C
¢ D

7

A : ||Aul|;2 > 2.04 ||u||;2 fin.-dim. computation (& tricky linear algebra)
D : ||Dull 2 > ||Aull2 — [[2Ke™ - ul| o = L?[|ull 2 — c||ull2 > 10°[[ul] 2

P



Ex 2: Proof step 2: Bound the linearised operator

F):=1—Au—Ke? =0, L(u) = —Au—2Ke? ™0 -y, & H> — 7
Want: explicit ¢ s.t. |[u][,2 < c|[-Zul|,2. Roughly: ¢ = /\% = smallest eigenvalue

Computing Aq:
L =33 split H?> = (Y}, : degree < L) ® (Y, : degree > L) =

A C
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A : ||Aul|;2 > 2.04 ||u||;2 fin.-dim. computation (& tricky linear algebra)
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(For C: let's pretend C =0 &%)



Ex 2: Proof step 2: Bound the linearised operator

F):=1—Au—Ke? =0, L(u) = —Au—2Ke? ™0 -y, & H> — 7
Want: explicit ¢ s.t. |[u][,2 < c|[-Zul|,2. Roughly: ¢ = /\% = smallest eigenvalue

Computing Aq:
L =33 split H?> = (Y}, : degree < L) ® (Y, : degree > L) =

A C
¢ D

£ =

A : ||Aul|;2 > 2.04 ||u||;2 fin.-dim. computation (& tricky linear algebra)

D : HDUHL2 > ||AUHL2 - H2K62u0 . UHL2 > |2 ||uHL2 — CHU||L2 > 103 HUHL?
(For C: let's pretend C =0 &%)
|ul| g2 < 50.55||-Lull,»




Ex 2: Proof step 3: Higher order terms and conclusion

N (u) = u? (= omitted some terms)
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N (u) = u? (= omitted some terms)
Theorem (Newton-Kantorovich)

Let r > 0 such that for uy,us € B, := {u € H? : ||u|| < r} we have
16112 < e [1271]] < en ¥ wn — Hnllgs < sl + el o) len — ]l

and cyc) + cacsr? < r, 2coc3r < 1, then ex. v € B, such that  (up + v) = 0.



Ex 2: Proof step 3: Higher order terms and conclusion

N (u) = u? (= omitted some terms)
Theorem (Newton-Kantorovich)

Let r > 0 such that for uy,us € B, := {u € H? : ||u|| < r} we have
1611s < 1, ]| 21]] < e 11 — Al s < cx(llnllyn + 1ol o) s — sl

and cyc) + cacsr? < r, 2coc3r < 1, then ex. v € B, such that  (up + v) = 0.
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< Cemb(||u1]] g2 + |u2l|g2) ||ur — w2]];2 (Sobolev embedding)
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Ex 2: Proof step 3: Higher order terms and conclusion

N (u) = u? (= omitted some terms)
Theorem (Newton-Kantorovich)
Let r > 0 such that for uy,us € B, := {u € H? : ||u|| < r} we have
1612 < e, [127] < ¥ s — A aslliz < eslenll + llesle) 1 — sl

and cyc) + cacsr? < r, 2coc3r < 1, then ex. v € B, such that  (up + v) = 0.

|| A u1 — A ua]] 2
= |[(u1 + ug)(u1 — w)ll2
< lur + ol [Jur — woll 2
< Cemb(||u1]] g2 + |u2l|g2) ||ur — w2]];2 (Sobolev embedding)

=:C3

Check coc) + cocsr? < r, 2cocsr < 1 satisfied for r = 3.1 - 10™* ~» U exists
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vl — R? curve

p="(t1),q = v(t2) bottleneck if critical
point for distance function
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vl — R? curve

p="(t1),q = v(t2) bottleneck if critical
point for distance function

(3 cos t cos 20° — sin t sin 20°>

Eg (1) = 3 cos t sin 20° + sin t cos 20°
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point for distance function

E (t) = 3 cos t cos 20° — sin t sin 20°
8 T = 3 cos tsin 20° + sin t cos 20°

D(s,t) = 37v(t) = v(8) By Z(s,t) = VD(s, 1)
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Example 3: bottlenecks of submanifolds

vl — R? curve
p="(t1),q = v(t2) bottleneck if critical
point for distance function

E (t) = 3 cos t cos20° — sin t sin 20°
& T = {3 cos t5in 20° + sin t cos 20°

D(s,t) = 1y(t) = v(s)Bys  F(s,t) = VD(s, 1)

Xapprox = (S0, to) = (1.571, 4.712), & = F (Xapprox) ~> |&'|oc < 2.1-1077

& =d Py, = Hess D(Xapprox), |-£ oo < 0.501

[ A (v1) = A (v2)oe < 56 ([Vi]oo + [Valso) [vi = Valoo

Thus ¢; =2.1-1073, ¢ = 0.501, c3 = 56. For r = 1.1-1072 have
e+ aar?<r, 2cpc3r < 1 ~ bottleneck exists near Xapprox



Example 4: Diffusion geometry [Jon24]

X =p1,...,p100 € R%, e = 0.1, Laplace operator A : R — RX def as:

K — \Pi—Pj!2 N s
j=exp( ———— ), di =) Kj, D = diag(d;).
J

S=D"12KD™1/? A = ld _5.
3

:.'".-‘*%."_‘..'ﬂ.f‘ o, o°...'"..‘ "o N’-"'v.'o-..’n.c: .

0.00 0.02 0.04 0.06 0.08 0.10



Example 4: Diffusion geometry [Jon24]

X =p1,...,p100 € R%, e = 0.1, Laplace operator A : R — RX def as:
|pi —P'!2 .
Kij = exp (_451 , d; = ZJ: Ki, D = diag(d;).
S = D71/2KD71/2’ A = Id_s
€

Want: Dirichlet eigenfunction, i.e. f: X — R such that Af — \f =0, |f|? =1

. oo, ...o."o.f'.o...."ﬂ".”.".".*o‘f.ﬂ"".¢~o-.u’n.i, o

0.00 0.02 0.04 0.06 0.08 0.10



Example 4: Diffusion geometry [Jon24]

X =p1,...,p100 € R%, e = 0.1, Laplace operator A : R — RX def as:

. p:|?
Kijj = exp (—w) ) di = Z Kij, D = diag(d;).
Jj

S=D"2KkD™1/2, A=ld=S
€
Want: Dirichlet eigenfunction, i.e. f: X — R such that Af — \f =0, [f|? =1
Numerics: Aapprox = 0.10633 . . ., fapprox
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0.00 0.02 0.04 0.06 0.08 0.10
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Example 4: Diffusion geometry [Jon24]

X =p1,...,p100 € R%, e = 0.1, Laplace operator A : R — RX def as:

. p:|?
Kijj = exp (—w) ) di = Z Kij, D = diag(d;).
Jj

S=D"12KD™1/? A = ld _5.
3
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Numerics: Aapprox = 0.10633 . . ., fapprox
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|éa| = ‘Afapprox o )\approxf:approx| < 0.001 =: C1
L(F,N) = Af — Aapproxf — Mapprox and | .21 < 1.001 =: ¢



Example 4: Diffusion geometry [Jon24]
X =p1,...,p100 € R%, e = 0.1, Laplace operator A : R — RX def as:

-
Kijj = exp (—w) ) di = Z Kij, D = diag(d;).
Jj

Id-S
—

S=D"12KD™1/? A =

Want: Dirichlet eigenfunction, i.e. f: X — R such that Af — \f =0, |f|? =1
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Non-linear estimate

| A (i, A1) — A (F2, A2)| < 2 (Jvi, M| + [vas Aa|) [(vi, A1) — (v, A2)], 3 =2



Example 4: Diffusion geometry [Jon24]

X =p1,...,p100 € R%, e = 0.1, Laplace operator A : R — RX def as:

-
Kijj = exp (—w) ) di = Z Kij, D = diag(d;).
Jj

Id-S
—

S=D"12KD™1/? A =

Want: Dirichlet eigenfunction, i.e. f: X — R such that Af — \f =0, |f|? =1
Numerics: Aapprox = 0.10633 . . ., fapprox

° ® 05,70 ¢94%°°, » o % °
e R e S R A Pl X ° 0.00 0.02 0.04 0.06 0.08 0.10

|éa| = ‘Afapprox - )\approxfapprox| <0.001 =: ¢

L(f,N) = Af — Xapproxf — Mapprox and |21 < 1.001 =: ¢

Non-linear estimate

| A (1, A1) — A (F2y A2)| < 2(va, M| + [ve, Aa]) [(vi, A1) — (ve, A2), c3 =2
el + ecr? < r, 2cc3r < 1 for r =0.0011



Example 4: Diffusion geometry [Jon24]

X =p1,...,p100 € R%, e = 0.1, Laplace operator A : R — RX def as:

. p:|?
Kijj = exp (—w) ) di = Z Kij, D = diag(d;).
Jj

Id-S
—

S=D"12KD™1/? A =

Want: Dirichlet eigenfunction, i.e. f: X — R such that Af — \f =0, |f|? =1
Numerics: Aapprox = 0.10633 . . ., fapprox

° ® 05,70 ¢94%°°, » o % °
e R e S R A Pl X ° 0.00 0.02 0.04 0.06 0.08 0.10

|éa| = ‘Afapprox - )\approxfapprox| <0.001 =: ¢

L(F,N) = Af — Aapproxf — Mapprox and | .21 < 1.001 =: ¢

Non-linear estimate

| A (i, A1) — A (F2, A2)| < 2 (Jvi, M| + [vas Aa|) [(vi, A1) — (v, A2)], 3 =2

el + ecsr? < r, 2coc3r < 1 for r = 0.0011 ~~ eigenvalue exists near Aapprox
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Example 5: point clouds for given barcodes

Persistent homology: point cloud — barcode

Cech barcode

0.0 0.2 0.4 0.6 0.8 1.0
radius

Question [0S20, BHL'24]: given a barcode B, is there a point cloud X with this
barcode?

Numerics: given B, compute X,,pr0x With barcode(Xapprox) = B

Identify neighbourhood of B in {barcodes} with U C R*

Configuration space of £ points is R34 5 Xapprox, let V' neighbourhood of X;pprox
F V= U, 7 (X):= barcode(X) — B, want .7 (X) =0

Problem: .# translation-invariant, i.e. .7 (X) = .#(X 4 ¢€), so . has kernel
But: only need £ right-invertible (surjective)!

"Gauge fixing", i.e. represent Xipprox € R36 then .Z right-invertible ~ works



Thank you for the attention!
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Symmetries

Theorem

For K = Y39 there are at least five solutions to the equation 1 — Au — Ke?“ = 0. One
has symmetry group Ty, four have symmetry group Ss.

sal6 5a/6 sal6

-05 0 0.5 1 L5

Start with ug exactly T4/Ss-invariant

Define L% and H? to be only invariant functions;

£, N also invariant =i invariant

For S3 case rule out extra symmetries: g € T4\ S, find x s.t.

‘U()(X) — g*(U())(X)‘ > 0.1, then

U(x) — g (8)()] > Juo(x) — g (o) ()| — 2| = woll,o > 0.1 — 1072 £ 0

= g*(bu) #u (% extra trick: symmetries at most_Ty)



Al coding tool usage

Al agent can write the whole thing in one go (e.g. OpenAl Codex)

This repository accompanies the preprint https:/farxiv.org/abs/2603.29544 . It gives a numerically verified proof
that for curvature prescriber Y_{3,2} the Nirenberg problem has a solution.

Please re-do the proof for Y_{3,1}. You need to find a way to produce an approximate solution u0.json for this. This
is not included in the repository. Write a solver using a pseudospectral method using float64. Do a non-rigorous
float64 test that the residual is of size 107{-8}. Put all these new files into a top-level directory "solver". Once this is
the case, run the numerically verified pipeline on this curvature prescriber using your generated u0.json. Skip the

GPT-5.4 ~ Extra High + 4= Plan 9 o
Problem: completely unreviewable, non-rigorous arithmetic in several places
Useful for prototype/viability (identify too slow computations)
Give code structure (methods/classes): fewer non-rigour errors and easy to find
Produce unit tests to find potential issues (needn’t be trusted)



